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Abstract
A regular topological space is called κ-normal if any two disjoint κ-closed subsets in it are
separated. In this paper we present some results about κ-normality. In Section 1, the technique of
adding isolated points to topological spaces has been used to construct three counterexamples. The
first one shows the following statements:
(1) A product of two linearly ordered topological spaces need not be κ-normal even if one of the
factors is compact.
(2) A product of two normal countably compact topological spaces need not be κ-normal.
(3) A product of a normal topological space with a compact Hausdorff topological space need
not be κ-normal.
The second one presents a mad family R ⊂ [ω]ω such that the Mrówka space Ψ (R) is not κ-
normal. The third one will show that a scattered locally compact countably compact topological
space need not be κ-normal. In Section 2 we have proved the following κ-normal version of Stone’s
theorem: If X is κ-normal and countably compact and Y is metrizable, then X × Y is κ-normal.
For a κ-normal version of Dowker’s theorem, we have been able to prove one direction which is the
following statement: If X is not κ-countably metacompact, then X× I is not κ-normal. We use I for
the closed unit interval [0,1] with the usual topology. The converse is still unsettled. We will show
that if X is a Dowker space, then the Alexandroff Duplicate space A(X) of X is a Dowker space
with the property that A(X)× I is not κ-normal. Section 3 has been devoted to the notion of local
κ-normality. It will be shown that not every locally κ-normal topological space is κ-normal, even
if the space satisfies other topological properties such as locally compactness, metacompactness, or
countable compactness.
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E.V. Shchepin introduced, in [11], the concept of κ-normal topological spaces in 1972.
A regular topological space is called κ-normal if any two disjoint κ-closed subsets in it
are separated. A subset A of a topological space X is said to be κ-closed (called also
canonically closed, regular closed, or closed domain) if A= intA, and A is κ-open (called
also canonically open, regular open, or open domain) if A= int(A). Two subsets A and
B of a space X are said to be separated if there exist two open disjoint subsets U and V of
X such that A⊆U and B ⊆ V . In [2], κ-normality is called mild normality.
In this paper we will give some results about κ-normality. In the first section, the
technique of adding isolated points to topological spaces will be used to produce
counterexamples which prove the following statements:
(1) A product of two linearly ordered topological spaces need not be κ-normal.
(2) A product of two normal countably compact topological spaces need not be κ-
normal.
(3) A product of a normal topological space with a Hausdorff compact topological
space need not be κ-normal.
(4) A scattered locally compact countably compact topological space need not be κ-
normal.
Using the same technique, we will present, in the first section, a mad family R ⊂ [ω]ω
such that the Mrówka space Ψ (R) is not κ-normal. Then we will use the continuum
hypothesis (CH) to produce a mad family R ⊂ [ω]ω such that Ψ (R) is κ-normal. The
existence of such a mad family in ZFC is still open. In the second section, we will prove the
following κ-normal version of Stone’s theorem: If X is κ-normal and countably compact
and Y is metrizable, thenX×Y is κ-normal. For a κ-normal version of Dowker’s theorem,
we will prove one direction which is the following statement: If X is not κ-countably
metacompact, then X× I is not κ-normal. We use I for the closed unit interval [0,1] with
the usual topology. The converse is still open. We will show that if X is a Dowker space,
then the Alexandroff Duplicate space A(X) of X is a Dowker space with the property
that A(X) × I is not κ-normal. The last section will be devoted to the notion of local
κ-normality. It will be shown that not every locally κ-normal topological space is κ-
normal, even if the space satisfies other topological properties such as locally compactness,
metacompactness, or countable compactness.
All topological spaces considered are assumed to be regular unless otherwise stated.
N will denote the set of natural numbers and R denotes the set of real numbers.
1. Spaces which are not κ -normal
Many classical non-normal spaces turn out to be κ-normal. For example, the square of
the Sorgenfrey line is not normal, [5, 2.3.12]. However, the Sorgenfrey line is κ-metrizable
and, since κ-metrizability is productive and κ-metrizability implies κ-normality, [12], any
power of the Sorgenfrey line will be κ-normal. Also, it is well known that ωω1 is not
normal, [10, 2.7]. But, since ω is metrizable, it is κ-metrizable. Thus ωω1 is κ-metrizable
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and hence κ-normal. In fact something more general is true. It was shown in [7] that any
product of ordinals is κ-normal.
Adding isolated points to the space ω1 + 1 will be used to produce a compact linearly
ordered topological space Y such that ω1 ×Y is not κ-normal. So a product of two linearly
ordered topological spaces need not be κ-normal, even if one is compact.
Example 1.1. A linearly ordered space Y such that ω1 × Y is not κ-normal.
Let {yn: n ∈ ω} be an infinite countable set such that {yn: n ∈ ω} ∩ (ω1 + 1) = ∅. Let
Y = (ω1 + 1) ∪ {yn: n ∈ ω}. Let τ be the topology on Y generated by the following
neighborhood system: For α ∈ ω1, a basic open neighborhood of α is the same as in ω1
with its usual order topology. For n ∈ ω, a basic open neighborhood of yn is {yn}. A basic
open neighborhood of ω1 is of the form (α,ω1] ∪ {yn: n k} where α < ω1 and k ∈ ω. In
other words, {yn: n ∈ ω} is a sequence of isolated points which converges to ω1. Note that
if we define an order ≺ on Y as follows: For each n ∈ ω, ω1 ≺ yn+1 ≺ yn, and ≺ on ω1 + 1
is the same as the usual order on ω1 +1, then 〈Y, τ 〉 is a linearly ordered topological space.
It is clear that 〈Y, τ 〉 is Hausdorff and the topology of ω1 + 1 as a subspace of 〈Y, τ 〉 is the
same as the usual order topology on ω1 + 1. Also, 〈Y, τ 〉 is compact, being a union of two
compact subspaces, hence normal.
Claim. ω1 × Y is not κ-normal.
Proof. Let A= {〈α,α〉: α < ω1} and let B = ω1 × {yn: n ∈ ω}. Clearly A is κ-closed in
ω1×Y . Now, B is open in ω1×Y , hence B = B∪ (ω1 ×{ω1}) is κ-closed in ω1×Y . Also,
A ∩ B = ∅. Since ω1 × {ω1} ⊆ B and the two sets A and ω1 × {ω1} cannot be separated
in ω1 × (ω1 + 1), then A and B cannot be separated in ω1 × Y . Therefore ω1 × Y is not
κ-normal. ✷
Observe that Example 1.1 shows that a product of two κ-normal countably compact
spaces need not be κ-normal. And also the product of a normal space with a T2 compact
space need not be κ-normal.
Now, a Ψ -space (also called a Mrówka space) which is not κ-normal will be constructed
by adding isolated points to a non-normal Ψ -space. This answers the following problem
due to Arhangel’skii: “Is there an almost disjoint family R on ω such that the Mrówka
space Ψ (R) is not κ-normal?”
Recall that two countably infinite sets are called almost disjoint if their intersection is
finite. Call a subfamily of [ω]ω = {A⊆ ω: A is infinite} a mad family on ω if it is a maximal
(with respect to inclusion) pairwise almost disjoint subfamily. Let A be a pairwise almost
disjoint subfamily of [ω]ω. The Mrówka space Ψ (A) is defined as follows: the underlying
set is ω ∪A, the points of ω are isolated and a basic open neighborhood of A ∈A has the
form {A} ∪ (A \ F), with F ∈ [ω]<ω = {B ⊆ ω: B is finite }. It is well known that there
exists an almost disjoint familyA ⊂ [ω]ω such that |A|>ω and Ψ (A) is a Tychonoff first
countable space which is neither countably compact nor normal. And A is a mad family if
and only if Ψ (A) is pseudocompact [8].
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Proposition 1.2. There is an almost disjoint family R on ω such that Ψ (R) is not κ-
normal.
Proof. Write ω =N1∪N2 ∪N3 such that |Ni | = ℵ0 for each i ∈ {1,2,3} and Ni ∩Nj = ∅
for each i = j , with i, j ∈ {1,2,3}. Let R3 ⊂ [N3]ω be such that R3 = A ∪ B with
A ∩ B = ∅, and A and B cannot be separated in Ψ (R3). There are many examples of
such almost disjoint families (see the remark at the end of this proof). Pick almost disjoint
families R1 ⊂ [N1]ω,R2 ⊂ [N2]ω such that |A| = |R1|, |B| = |R2|. Let f :R1 →A and
g :R2 → B be bijections. LetR∗1 = {A∪ f (A): A ∈R1} and R∗2 = {B ∪ g(B): B ∈R2}.
Now, let R =R∗1 ∪R∗2. It is clear that R⊂ [ω]ω is an almost disjoint family. To see that
Ψ (R) is not κ-normal, consider N1 and N2. They are infinite subsets of ω, thus they are
open in Ψ (R), hence N1 and N2 are κ-closed in Ψ (R). Clearly N1 = N1 ∪R∗1 and N2 =
N2 ∪R∗2.
Now, since R∗1 ∩R∗2 = ∅ we conclude that N1 and N2 are disjoint κ-closed subsets of
Ψ (R). Since R∗1 ∪R∗2 ∪N3 ∼= Ψ (R3) and A and B cannot be separated in Ψ (R3), then
R∗1 and R∗2 cannot be separated in Ψ (R), thus N1 and N2 cannot be separated in Ψ (R).
Thus Ψ (R) is not κ-normal. ✷
Remark. Note that in the above proof such an R3 exists, as it was shown in [4] that there
exists a pairwise almost disjoint family G ⊂ [ω]ω with |G| = ω1 such that if A and B are
any two uncountable disjoint subcollection of G, then A and B cannot be separated in
Ψ (G). Also, if G is any mad family, then Ψ (G) is not normal. Note also that for any almost
disjoint family A ⊂ [ω]ω such that Ψ (A) is not normal, the above construction can be
carried out to produce a Ψ -space that is not κ-normal.
Mrówka proved the following, [9]: There is a mad family R⊂ [ω]ω such that Ψ (R) is
not normal and
(a) if E ⊆R is infinite, then E is a zero-set in Ψ (R) if and only if R \E is countable,
and hence
(b) β(Ψ (R)) is the one-point compactification.
It was conjectured in the Ohio University Topology Seminar that the Ψ -space in Mrówka’s
theorem is κ-normal. This conjecture is false:
Proposition 1.3. There exists a mad family R ⊂ [ω]ω such that Ψ (R) is not κ-normal
and β(Ψ (R)) is the one-point compactification of Ψ (R).
Proof. Write ω = N1 ∪ N2 ∪ N3 such that Ni is infinite for each i ∈ {1,2,3} and
Ni ∩ Nj = ∅ for each i = j , with i, j ∈ {1,2,3}. Using Mrówka’s theorem, we pick
for each i ∈ {1,2,3} a mad family Ri ⊂ [Ni]ω such that β(Ψ (Ri )) is the one-point
compactification and Ψ (R1) ∼= Ψ (R2) ∼= Ψ (R3). Let A and B be disjoint subsets of R3
such that |A| = |R3| = |B|,R3 =A ∪B, andA and B cannot be separated in Ψ (R3). Note
that suchA and B exist because if there exist two infinite disjoint subsets ofR3 that can be
separated, then there should be more than one point in the remainder β(Ψ (R3)) \Ψ (R3).
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Let f :R1 → A and g :R2 → B be bijections. Let R1 = {A ∪ f (A): A ∈ R1} and
R2 = {B ∪ g(B): B ∈ R2}. Put R = R1 ∪ R2. Clearly R is a mad family. The same
argument as in the proof of Proposition 1.2 will show that Ψ (R) is not κ-normal. Note that
R1 ∪R2 ∪N3 ∼= Ψ (R3). Let X = Ψ (R) and put Y = (βX \X)∪R1 ∪R2 ∪N3. Then Y
is a compactification of R1 ∪R2 ∪N3 ∼= Ψ (R3). Since the Stone– ˇCech compactification
of Ψ (R3) is the one-point compactification, we conclude that |βX \X| = 1, so β(Ψ (R))
is the one-point compactification. ✷
In the next proposition we are going to use the continuum hypothesis (CH) to produce a
consistent positive answer to the following problem: Is there a mad familyR⊂ [ω]ω such
that Ψ (R) is κ-normal? The existence of such a mad family in ZFC is still unsettled.
Proposition 1.4 (CH). There exists a mad family R ⊂ [ω]ω such that Ψ (R) is κ-normal.
Proof. Let A = {Di : i ∈ ω} where Di ∈ [ω]ω for each i ∈ ω, Di ∩Dj = ∅ for any distinct
i, j ∈ ω, and ω= ∪A. Consider the family B = {(A,B): A,B ∈ [ω]ω, A∩B = ∅}. Using
CH, we can write B = {(Aα,Bα): α < ω1}. Consider (A0,B0) ∈ B. If there exist two
subsets G0 ∈ [A0]ω and H0 ∈ [B0]ω such that A ∪ {G0} and A ∪ {H0} are both almost
disjoint, then pick them and let E0 =G0 ∪H0. Then clearly A0 =A ∪{E0} is an almost
disjoint family. If such G0 and H0 do not exist, we put A0 =A.
We proceed by recursion. Let α < ω1 and assume thatAβ is constructed for each β < α.
If α is a limit ordinal, put A′α =
⋃
β<αAβ . Then A′α is an almost disjoint family for, if C
and D are distinct elements of A′α , since the Aβ ’s are increasing, there is β ′ < α such that
C and D are both in A′β . Hence C ∩D is finite. Now, consider (Aα,Bα). If there exist two
subsets Gα ∈ [Aα]ω and Hα ∈ [Bα]ω such that A′α ∪ {Gα} and A′α ∪ {Hα} are both almost
disjoint, pick them and let Eα =Gα ∪Hα . Clearly Aα =A′α ∪ {Eα} is an almost disjoint
family. If Such Gα and Hα do not exist, then let Aα =A′α . If α = γ + 1 for some γ < α,
then considerAγ and (Aα,Bα), and constructAα in a similar way. Thus, by recursion, we
have constructed an almost disjoint familyR=⋃αAα . To see thatR is mad, let M be an
arbitrary infinite subset of ω. We need to show that there is an E ∈R such that E ∩M is
infinite. Suppose that for each E ∈R, E ∩M is finite. Partition M =M1 ∪M2 where both
M1 and M2 are infinite. Then there is an α < ω1 such that (M1,M2)= (Aα,Bα) ∈ B. Now,
in the αth stage of our construction, let A′α =
⋃
β<αAβ if α is a limit, and if α = γ + 1
for some γ , let A′α =Aγ . Since E ∩M is finite for each E ∈R, then, in particular, E ∩M
is finite for each E ∈ A′α , thus E ∩ Aα and E ∩ Bα are both finite for each E ∈ A′α , so
Aα ∈ [Aα]ω and Bα ∈ [Bα]ω are satisfying that A′α ∪ {Aα} and A′α ∪ {Bα} are both almost
disjoint. Thus such Gα and Hα exist. This implies that there is Eα ∈ Aα ⊂R such that
Eα ∩M is infinite, a contradiction. Therefore,R is mad.
Observe that, by our construction, R satisfies that for each α < ω1 exactly one of the
following must hold:
(a) Eα ∈AαΨ (R) ∩BαΨ (R)
(b) Either Aα ∩R is finite or Bα ∩R is finite.
Claim. Ψ (R) is κ-normal.
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Proof. Let A and B be any nonempty disjoint κ-closed subsets of Ψ (R). Then intA =
∅ = intB . If intA∩ω is finite, intA is contained in a closed-and-open set disjoint from B .
So A and B can be separated. Thus Ψ (R) is κ-normal. ✷
Scattered locally compact countably compact spaces need not be κ-normal. To prove
this assertion we recall the following:
Definition 1.5. Let X be a topological space. The Alexandroff Duplicate A(X) of X can
be described as follows: A(X)=X ∪ Y , where Y =X× {0}. Define the bijection function
i :X→ Y by i(x) = 〈x,0〉 for all x ∈ X. Let A(X) have the topology generated by the
following neighborhood system: For each y ∈ Y , {y} is open in A(X). For each x ∈ X,
a basic open neighborhood of x is of the form U ∪ (U ′ \ {x ′}), where U is any open
neighborhood of x in X, and x ′ = i(x),U ′ = i(U).
Fact 1.6. The original topology on X coincides with the topology inherited by X as a
subspace of A(X).
The following theorem has a straightforward proof and it is left for the reader.
Theorem 1.7. If P is one of the following topological properties: T2, T4, scattered,
countably compact, locally compact, and if X has P , then so does A(X).
The set of all accumulation points of a subset A in a space X is called the derived set of
A and is denoted by Ad .
Theorem 1.8. If A and B are disjoint subsets of a space X such that Ad and Bd cannot
be separated, then A(X) is not κ-normal.
Proof. Let i and Y be as in Definition 1.5. DefineE =Ad∪i(A) and F = Bd∪i(B). Since
A and B are disjoint, E and F are disjoint. E is closed in A(X) because, if z ∈A(X) \E
and z ∈ Y , then {z} is an open neighborhood in A(X) containing z and disjoint from E,
and if z ∈ X, then z /∈ Ad . Thus there is an open neighborhood U of z in X such that
U ∩ (A \ {z}) = ∅. Hence U ∩ Ad = ∅. Therefore U ∪ (U ′ \ {z′}) is disjoint from E.
Similarly, F is closed in A(X).
Now, let z ∈ E be arbitrary. If z ∈ Y , then z ∈ i(A) ⊂ i(A)A(X). And if z ∈ X, then
z ∈ Ad , and any basic open neighborhood W ⊂ A(X) of z is of the form U ∪ (U ′ \ {z′})
for some open neighborhood U of z in X. Since z ∈ Ad , then U ∩ (A \ {z}) = ∅. Thus
(U ′ \{z′})∩ i(A) = ∅. HenceW ∩ i(A) = ∅. So z ∈ i(A)A(X). ThereforeE ⊆ i(A)A(X); but
i(A)A(X) ⊆EA(X) =E. ThereforeE = i(A)A(X). Hence E is κ-closed in A(X). Similarly,
F is κ-closed.
Suppose that there are two open disjoint subsets U and V of A(X) such that E ⊆ U
and F ⊆ V . Then Ad =E ∩X ⊆ U ∩X =U ′ ⊆ U and Bd = F ∩X ⊆ V ∩X = V ′ ⊆ V .
Now U ′ and V ′ are open and disjoint in X containing Ad and Bd , respectively, which
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is a contradiction. Therefore E and F cannot be separated in A(X), thus A(X) is not
κ-normal. ✷
Proposition 1.9. There exists a countably compact locally compact scattered space which
is not κ-normal.
Proof. Let X = ω1 × (ω1 + 1) and consider the Alexandroff Duplicate A(X) of X. By
Theorem 1.7, we have that A(X) is countably compact, scattered and locally compact. Let
A=∆X= {〈α,α〉: α < ω1} and B = ω1 × {ω1}. Since the two subsets Ad = {〈α,α〉: α is
a limit } andBd = {〈α,ω1〉: α is a limit} cannot be separated in X, [5, 5.1.40], Theorem 1.8
gives us that A(X) is not κ-normal. ✷
Considering the spaceA(X) for appropriate spacesX gives a number of other interesting
examples related to κ-normality as it will be seen in next section.
2. κ -normality and the product of two spaces
The product of two κ-normal spaces need not be κ-normal, as it was seen in the previous
section. Shchepin gave an example of a κ-normal non-normal space whose product with
I is not κ-normal, [11]. Recall Dowker’s Theorem which says: “A space X is normal and
countably paracompact if and only if X×I is normal ”, [3]. In this section, it will be shown
that for the product space X × I to be κ-normal, X must be κ-countably metacompact.
Using this we show that if X is a Dowker space, then A(X) is a Dowker space. Moreover,
A(X)× I is not κ-normal. Also, in this section, It will be shown that a κ-normal version of
the following theorem of Stone holds: “If X is a normal countably compact space and M
is a metrizable space, then X ×M is normal ”, [13]. In fact, something more general will
be proved which is: If X is a κ-normal countably compact space and M is a first countable
paracompact space, then X×M is κ-normal. The normal version of the last statement is
true, [5, Exercise 4.5.16C].
Definition 2.1. A topological space X is called κ-countably metacompact if for any
decreasing sequence {Fi : i ∈ ω} of κ-closed subsets such that ⋂i∈ω Fi = ∅, there exists a
sequence {Ui : i ∈ ω} of open subsets such that Fi ⊆Ui for all i ∈ ω and⋂i∈ω Ui = ∅.
Definition 2.2. A topological space X is called κ-countably paracompact if for any
decreasing sequence {Fi : i ∈ ω} of κ-closed subsets such that ⋂i∈ω Fi = ∅, there exists a
sequence {Ui : i ∈ ω} of open subsets such that Fi ⊆Ui for all i ∈ ω and⋂i∈ω Ui X = ∅.
It is clear from the above two definitions that any κ-countably paracompact space is κ-
countably metacompact, and any normal κ-countably metacompact space is κ-countably
paracompact. We still do not know an answer to the following question: “If X is κ-normal
and κ-countably metacompact, is then X κ-countably paracompact?”. Blair and Swardson
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defined, in [2], the notion of mild countable paracompactness which is quite different from
our definition of κ-countable paracompactness.
Theorem 2.3. If X is not κ-countably metacompact, then X× (ω+ 1) is not κ-normal.
Proof. Let X be any space which is not κ-countably metacompact. Then there is a
decreasing sequence {Fn: n ∈ ω} of κ-closed subsets of X such that ⋂n∈ω Fn = ∅ and
for any sequence {Wn: n ∈ ω} of X-open subsets with Fn ⊆Wn for each n ∈ ω, we have⋂
n∈ωWn = ∅. In the space ω+1, there is a sequence {n: n ∈ ω} of points which converges
to ω. Let K =⋃n∈ω(Fn × {2n}), and H = X × ({2n + 1: n ∈ ω} ∪ {ω}). Then H and
K are disjoint. H is κ-closed being a product of two κ-closed subsets. Since the family
{Fn: n ∈ ω} is decreasing with empty intersection, the family {Fn × {2n}: n ∈ ω} is a
locally finite family consisting of κ-closed subsets. ThereforeK is κ-closed. The proof that
H and K cannot be separated is the same as in Dowker’s theorem [5]. Hence X× (ω+ 1)
is not κ-normal. ✷
We designate the following topological property by (): “There exists a nonisolated
point x , a convergent sequence of points {yn: n ∈ ω} which converges to x , and a sequence
{Un: n ∈ ω} of open subsets such that yn ∈Un for each n ∈ ω and Un ∩Um = ∅ whenever
n and m are distinct elements of ω”. Note that in the proof of Theorem 2.3, the only
property of ω + 1 which was used is that ω + 1 satisfies (). This gives us the following
consequence:
Corollary 2.4. If X is not κ-countably metacompact and Y satisfies property (), then
X× Y is not κ-normal.
Since any regular first countable space which has a nonisolated point satisfies property
(), we get the following conclusion:
Corollary 2.5. If X is not κ-countably metacompact, then X × I is not κ-normal, where
I = [0,1] is the closed unit interval with the usual topology.
Theorem 2.6. Let {Dn: n ∈ ω} be a decreasing sequence of subsets of a spaceX satisfying
the following two conditions: (1)⋂n∈ω Dn = ∅; (2) if {Un: n ∈ ω} is any sequence of open
subsets of X such that Ddn ⊆ Un for each n ∈ ω, then
⋂
n∈ω Un = ∅. Then the Alexandroff
Duplicate A(X) of X is not κ-countably metacompact.
Proof. Let i and Y be as in Definition 1.5. For each n ∈ ω, define En = Ddn ∪ i(Dn).
Using an argument similar to the one in the proof of Theorem 1.8, we can show that for
each n ∈ ω, En = i(Dn)A(X) is κ-closed in A(X) and⋂n∈ω En = ∅. Suppose that for each
n ∈ ω there is an A(X)-open subset Vn such thatEn ⊆ Vn for each n ∈ ω and⋂n∈ω Vn = ∅.
Then for each n ∈ ω we have Ddn = En ∩ X ⊆ Vn ∩ X = Un ⊆ Vn and Un is open in X
and contains Ddn while
⋂
n∈ω Un = ∅, which contradicts condition (2) in the hypothesis.
Therefore A(X) is not κ-countably metacompact. ✷
L. Kalantan / Topology and its Applications 125 (2002) 47–62 55
Proposition 2.7. Let X be any Dowker space, then X can be described as follows: X =⋃
n∈ω Xn, where the Xn’s are pairwise disjoint. If x ∈Xn, then any open neighborhood of
x has to meet Xi for each i  n. The sequence {Dn: n ∈ ω}, where Dn =⋃mn Xm, is a
decreasing sequence of closed subsets witnesses the failure of countable paracompactness
of X.
Proof (Szeptycki). Let X be a Dowker space and let {Cn: n ∈ ω} be a decreasing sequence
of closed subsets witnessing the failure of countable paracompactness. Without loss of
generality, assume C0 = X. For n ∈ ω let En = {x ∈ X: n is minimal for x /∈ Cn}. If
x ∈ E1 has an open neighborhood disjoint from E0, move x to E0. Let X0 be the new set
of E0 and such x’s and X1 be the set of points remaining from E1. Look at E2. If x ∈ E2
has an open neighborhood disjoint from X0 move it to X0. If any open neighborhood of
x meets X0 but there is an open neighborhood disjoint from X1, move x to X1. Rename
the new sets by X0,X1 and X2. Continue this process. We get that X =⋃i∈ω Xi as a
disjoint union, and if x ∈ Xn, then any open neighborhood of x has to meet Xi for each
i ∈ {0,1, . . . , n}.
For each x ∈ X, define ht(x), the height of x , to be the minimum n such that there is
an open set U containing x with the property that {k: U ∩Ck \Ck+1 = ∅} has cardinality
n+ 1. We will say that the open set U witnesses that ht(x)= n. It is clear that if ht(x)= 0
then x will always be moved into X0, and in general ht(x)= n if and only if x ∈Xn.
From the definition of the height of x we have the following:
(1) If x ∈Cn \Cn+1 then ht(x) n.
(2) If U is an open set containing x which witnesses that ht(x)= n, then ht(y) n for
every y ∈ U .
(3) Thus, if Dn = {x: ht(x) > n}, it follows that Dn is closed.
(4) Also by (2), it follows that X \Cn ⊆X \Dn, so ⋂n Dn = ∅.
(5) By induction it is easy to prove that if U is open and U ∩ Dn \ Dn+1 = ∅, then
U ∩Dk \Dk+1 = ∅ for all k  n.
Claim 1. For every closed K ⊆X and for every n, if K ⊆ {x ∈X: ht(x) n}, then there
is an open expansion of Wn ⊇K ∩ Cn in X such that ⋂nWn = ∅ (where if K ∩ Cn = ∅
then Wn can be taken to be ∅).
Proof of Claim 1. By induction. For n = 0, each x ∈ K ∩ Cn ⊆ {x: ht(x) = 0} has an
open neighborhood Ux such that Ux ⊆ Cn. So let Wn = ⋃{Ux : x ∈ K ∩ Cn}. Clearly⋂
n∈ωWn = ∅.
Assume now the statement is true for k − 1, and we have to prove it for k. For each
i ∈ ω let Hi = {x ∈ Ci \ Ci+1: ht(x) = k}, then Hi is closed. To see this observe first
that Hi = ∅ for each i < k as for each x ∈ Ci \ Ci+1 we have ht(x)  i < k. For i  k,
suppose y ∈ Hi , then y ∈ Ci because Ci is closed and ht(y)  k because K is closed,
thus y ∈ Ci implies y ∈ Hi . Now, the Hi’s will form a discrete family of closed subsets,
for if i  k and y ∈ Hi , then the open set U witnesses that ht(y)= k intersects at most k
levels of Cm \ Cm+1 including the level Ci \Ci+1. The k − 1 levels are exactly the levels
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C0 \ C1, . . . ,Ck−1 \ Ck . So, if U ∩Hj = ∅ where k  j < i , then this contradicts that U
witnesses ht(y)= k.
By normality of X there are pairwise disjoint open sets Vi ’s such that Hi ⊆ Vi for
each i . Since {x: ht(x)  k} = {x: ht(x)  k − 1} ∪ {x: ht(x) = k} then K ∩ Cn =
(K ∩Cn ∩{x: ht(x) k− 1})∪ (Hn ∩K) for each n. Note that K ∩Cn ∩ (X \Vn)⊆ {x ∈
Cn: ht(x) k − 1} where the first subset is closed and contained in K ∩Cn ∩ {x: ht(x)
k − 1}. By the induction hypothesis, for each n there exists an open subset Gn such that
K ∩Cn ∩ (X \Vn)⊆Gn with⋂n Gn = ∅. Let Wn =Gn ∪Vn for each n. Then clearly Wn
is an open subset containing K ∩Cn for each n and ⋂nWn = ∅.
Claim 2. For all n, Dn = ∅.
Proof of Claim 2. Suppose that there is an n ∈ ω such that Dn = ∅. So Dn = {x: ht(x) >
n} = ∅. Let K = {x: ht(x)  n} = X \ Dn = X which is closed. Thus {K ∩ Cn: n ∈
ω} = {Cn: n ∈ ω}. By Claim 1, there is an open expansion Wn with Cn ⊆Wn such that⋂
nWn = ∅, which is a contradiction.
Claim 3. Every open expansion of the Dn’s has nonempty intersection.
Proof of Claim 3. Suppose that Vk ⊇Dk . For each k, let Fk =X \ Vk . Then Fk is closed
and is a subset of {x: ht(x) < k}. Thus by the Claim 1, there are open sets Ukn ⊇ Fk ∩ Cn
such that
⋂
n
Ukn = ∅ and
{
Ukn : n ∈ ω
}
is decreasing. (∗)
Now for each x ∈Cn \Cn+1 define mx ∈ ω and an open neighborhood Ux as follows:
(1) If x ∈ Vn, choose Ux ⊆ Vn and define mx = n.
(2) If x /∈ Vn, fix mx to be the maximal m such that x ∈ Vm and fix Ux such that
(a) Ux ⊆ Vmx , and
(b) Ux ⊆Ukn for all m< k  n.
Let Un =⋃{Ux : x ∈Cn}. Then Un is an open set containing Cn so we may fix y ∈⋂Un.
Thus we may fix xn ∈ Cn \Cn+1 such that y ∈ Uxn .
Case 1. There is a k such that mxn < k for all n. Then we have that Uxn ⊆ Ukn for all
n k. But then y ∈⋂nk Ukn contradicting (∗).
Case 2. Not case 1. Thus there is a subset of zi = xni ’s such that mz0 <mz1 < · · · . To
simplify notation assume without loss of generality thatmxn = n for all n. Then y ∈
⋂
n Vn,
completing the proof of Claim 3. ✷
Proposition 2.8. Let X be a Dowker space. Then A(X) is a Dowker space and A(X)× I
is not κ-normal.
Proof. Let X be any Dowker space. Let Xn and Dn,n ∈ ω, be as in Proposition 2.7. So the
sequence {Dn: n ∈ ω}, where Dn =⋃mn Xm, is a decreasing sequence of closed subsets
satisfying: (1)⋂n∈ω Dn = ∅; and (2) if {Un: n ∈ ω} is any sequence of open subsets of X
with Dn ⊆Un for each n ∈ ω, then⋂n∈ω Un = ∅.
L. Kalantan / Topology and its Applications 125 (2002) 47–62 57
Consider the sequence {Ddn : n ∈ ω}. It is decreasing because the Dn’s are. Since Dn is
closed for each n ∈ ω, then Ddn ⊆ Dn for each n. Since any basic open neighborhood of
a point in Xn has to meet each Xi,0  i  n, Dn+1 ⊆ Ddn for each n. Also, if for each
n, Un is open and containing Ddn , then
⋂
n∈ω Un = ∅ because Dn+1 ⊆Ddn ⊆ Un for each
n. Therefore, the sequence {Ddn : n ∈ ω} also satisfies the above two conditions, so by
Theorem 1.7, A(X) is a Dowker space. Also, by Theorem 2.6, we have that A(X) is not
κ-countably metacompact, so by Corollary 2.5, A(X)× I is not κ-normal. ✷
The other direction of the κ-normal version of the Dowker’s theorem, which is the
following statement: If X is κ-normal and κ-countably paracompact, is then X × I κ-
normal? is still open.
We prove now that κ-normality can be preserved under products with metric spaces.
Theorem 2.9. If X is κ-normal countably compact and M is first countable paracompact,
then X×M is κ-normal.
Proof. Let A and B be any κ-closed disjoint nonempty subsets of X×M . For eachm ∈M
and each M-open neighborhood U(m) of m define the following two open subsets of X:
AU(m) =
{
x ∈X: ∃y ∈ U(m) with 〈x, y〉 ∈ int(X×M) A
}
= πX
((
X×U(m))∩ int(X×M) A
)
.
BU(m) =
{
x ∈X: ∃z ∈ U(m) with 〈x, z〉 ∈ int(X×M) B
}
= πX
((
X×U(m))∩ int(X×M) B
)
.
where πX :X×M→X is the natural projection.
Now, let m ∈M be arbitrary. Since M is first countable, there is a countable decreasing
local base {Un(m): n ∈ ω} for M at m. For simplicity, we write AUn instead of AUn(m) and
BUn instead of BUn(m). Since {Un: n ∈ ω} is decreasing, then for each n ∈ ω, we have
AUn
X ∩BUnX ⊇AUn+1X ∩BUn+1X.
Thus the family {AUnX ∩ BUnX: n ∈ ω} is a decreasing sequence of closed subsets of X.
If AUnX ∩BUnX = ∅ for each n ∈ ω, then by countable compactness of X, there exists an
x ∈X such that x ∈⋂n∈ω(AUnX ∩BUnX). Let W be the set of all X-open neighborhood
of x . Then for each W ∈W and for each n ∈ ω, W ∩AUn = ∅ =W ∩ BUn . We will show
that
〈x,m〉 ∈ ( int(X×M) AX×M ∩ int(X×M) BX×M
)
.
Let W × U be any (X × M)-basic open neighborhood of 〈x,m〉, then there exists an
n ∈ ω such that 〈x,m〉 ∈ W × Un ⊆ W × U . Now, W ∩ AUn = ∅ implies that (W ×
Un)∩ int(X×M) A = ∅. Similarly, ∅ = (W ×U)∩ int(X×M) B . Since W ×U was arbitrary,
〈x,m〉 ∈ int(X×M) AX×M = A and 〈x,m〉 ∈ int(X×M) BX×M = B , thus A ∩ B = ∅ which
is a contradiction.
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Therefore, we conclude that for each m ∈ M , there exists an open neighborhood
U(m) ⊂M of m, such that AU(m)X ∩ BU(m)X = ∅. Since the natural projection πX is an
open mapping, then for each m ∈M we have that AU(m)X and BU(m)X are both κ-closed
and disjoint subsets of X. Since X is κ-normal, for each m ∈M , there are open disjoint
subsets Gm and Hm of X such that AU(m)X ⊆Gm,BU(m)X ⊆Hm.
Now, {U(m): m ∈M} is an open cover of M . Since M is paracompact, fix a locally finite
open cover {Vm: m ∈M} such that for each m ∈M , Vm ⊆ VmM ⊆U(m).
Claim 1. B ⊆⋃m∈M(Hm × Vm).
Proof of Claim 1. Let 〈x, y〉 ∈ B be arbitrary. There is an m′ ∈M such that y ∈ Vm′ ⊆
Vm′M ⊆ Um′ . Suppose that x /∈ BUm′X . There exists an open neighborhood G of x such
that G ∩ BUm′ = ∅. By the definition of BUm′ , G ∩ BUm′ = ∅ means that for each z ∈ Um′
and for each x ′ ∈G we have 〈x ′, z〉 /∈ int(X×M) B . Therefore (G×Um′ )∩ int(X×M) B = ∅.
Since x ∈G and y ∈ Vm′ ⊆Um′ , 〈x, y〉 /∈ int(X×M) B(X×M) = B , which is a contradiction.
Therefore x ∈ BUm′X ⊆Hm′ . Hence
〈x, y〉 ∈Hm′ × Vm′ ⊆
⋃
m∈M
(Hm × Vm)
and Claim 1 is proved.
Claim 2. For each m ∈M , we have A∩ (Hm × Vm)X×M = ∅.
Proof of Claim 2. Suppose that there exists an m ∈ M and 〈x, y〉 ∈ X ×M such that
〈x, y〉 ∈A∩ (HmX × VmM). Since VmM ⊆Um, then
A∩ (X× VmM
)⊆ (X×Um)∩ intAX×M
as X×Um is open in X×M . By the continuity of πX, we have
πX
(
A∩ (X× VmM
)) ⊆ πX
(
(X×Um)∩ int(X×M) AX×M
)
⊆ πX
(
(X×Um)∩ int(X×M) A
)
X = AUmX.
Also y ∈ VmM and 〈x, y〉 ∈ A imply that x ∈ πX(A ∩ (X × VmM)). Therefore x ∈Gm.
But x is also in HmX , thus Gm ∩HmX = ∅ which is a contradiction.
Now, since {Vm: m ∈M} is a locally finite family in M , {Hm×Vm: m ∈M} is a locally
finite family of open subsets of X ×M . By Claim 1, B ⊆⋃m∈M(Hm × Vm), where the
later is open. By Claim 2, we have A∩ (⋃m∈M(Hm × Vm))X×M = ∅, because
⋃
m∈M
(Hm × Vm)X×M =
⋃
m∈M
(Hm × Vm)X×M
by locally finiteness.
This shows that A and B can be separated, hence X×M is κ-normal. ✷
An immediate corollary of Theorem 2.8 is the following.
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Corollary 2.10. IfX is κ-normal and countably compact andM is metrizable, thenX×M
is κ-normal.
The following definition of another weaker version of normality is given in [1].
Definition 2.11. A space X is called β-normal if for any two disjoint closed subsets A
and B of X there exist open subsets U and V of X such that A⊆ A∩U , B ⊆ B ∩ V , and
U ∩ V = ∅.
Definition 2.12. A space X is called weakly β-normal if for any two disjoint closed
subsets A and B of X there exist open subsets U and V of X such that A ⊆ U , B ⊆ V ,
and U ∩ V = ∅.
It is clear from the above two definitions that any normal space is β-normal, and any
β-normal space is weakly β-normal. The following theorem, from [1], establishes the
connection between κ-normality, β-normality and normality.
Theorem 2.13 (Arhangel’skii and Ludwig). A topological space X is normal if and only
if it is κ-normal and β-normal.
Following result improves Theorem 2.13.
Theorem 2.14. A topological space X is normal if and only if it is κ-normal and weakly
β-normal.
Proof. Let X be a κ-normal weakly β-normal space. Let A and B be closed disjoint
subsets of X. Since X is weakly β-normal, there exist two open subsets U and V such
that A⊆ U , B ⊆ V and U ∩ V = ∅. Now, U and V are two κ-closed disjoint subsets of
X. By κ-normality of X, there exist two open disjoint subsets G and H of X such that
U ⊆G and V ⊆H . Thus A and B can be separated. Therefore,X is normal. The converse
is obvious. ✷
Let Q denote the set of rational numbers and P denote the set of irrational numbers.
Let M denote the Michael line. So, M = R, the irrational points are isolated, and a basic
open neighborhood for a rational point is the same as in R with the usual topology. It is
well known that M× P is not normal [5, 5.1.32]. We are going to show that M× P is not
weakly β-normal.
Proposition 2.15. The product spaceM× P is not weakly β-normal.
Proof. Let E = {〈p,p〉: p ∈ P} and F = Q × P. It is known that E and F are closed
disjoint unseparated subsets of M× P [5, 5.1.32].
As a first step we show that if U is any open subset of M × P such that E ⊆ U , then
U ∩F = ∅.
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Let T be a countable dense subset of P. Let p ∈ P be arbitrary, then for any δ > 0
we have that {p} × ((p − δ,p + δ) ∩ P) meets U . Thus there exists t (p) ∈ T such that
〈p, t (p)〉 ∈ U , for if not, then πP({p} × ((p − δ,p + δ) ∩ P) ∩U) would be a nonempty
open subset of P, where πP is the natural projection onto P, which is disjoint from T ,
and this is a contradiction as T is dense in P. Now, for each p ∈ P, fix t (p) ∈ T such
that 〈p, t (p)〉 ∈ U . For each t ∈ T define Pt = {p ∈ P: t (p) = t}. Then P =⋃t∈T Pt .
Since P is not an Fσ -subset of R, there exists q ∈ Q and t ∈ T such that q ∈ PtR.
We show that 〈q, t〉 ∈ U ∩ F . Clearly 〈q, t〉 ∈ Q × P = F . Let ε, δ > 0 be arbitrary.
Then (q − ε, q + ε) × ((t − δ, t + δ) ∩ P) is an arbitrary open neighborhood of 〈q, t〉
in M× P. Since q ∈ PtR, there exists p ∈ Pt such that p ∈ (q − ε, q + ε). Now, 〈p, t〉 ∈
(q− ε, q + ε)× ((t − δ, t + δ)∩P) and 〈p, t〉 = 〈p, t (p)〉 ∈U . Therefore, 〈q, t〉 ∈ U ; thus
U ∩F = ∅, and claim is proved.
From the claim we conclude that if U and V are open inM×P and E ⊆U and F ⊆ V ,
then U ∩ V = ∅. ThereforeM× P is not weakly β-normal; hence not β-normal. ✷
Note that the above proof shows that the usual closed sets that cannot be separated in
M× P are not contained in disjoint κ-closed sets. The following problem is still open:
Problem. Is the product space M× P κ-normal?
3. Local κ -normality
Local topological properties are usually defined in similar ways and thus we define local
κ-normality as follows:
Definition 3.1. A space X is called locally κ-normal if for each x ∈X there exists an open
neighborhoodU of x such that U is κ-normal as a subspace of X.
It is easy to see that κ-normality is inherited by κ-closed sets, [5, Exercise 2.1.B]. Now,
if X is a κ-normal space and U ⊆ X is open, then U is locally κ-normal, for pick any
x ∈ U . Since U is open, there exists an open V such that x ∈ V ⊆ U and by regularity of
X we may take V so that x ∈ V ⊆ V ⊆ U . Now V is κ-closed in the κ-normal space X.
Hence it is κ-normal.
It was shown in Proposition 1.9, that the Alexandroff Duplicate A(ω1 × (ω1 + 1)) of
the space ω1 × (ω1 + 1) is countably compact, scattered, and locally compact but not
κ-normal. Since it is locally compact, it is locally κ-normal (as each point has an open
neighborhood the closure of which is compact, hence normal, hence κ-normal). Therefore,
A(ω1 × (ω1 + 1)) is an example of locally κ-normal not κ-normal space. This gives a
partial answer to the following problem of Arhangel’skii:
Problem (Arhangel’skii). Find topological properties P such that if X is locally κ-normal
and satisfies P , then X is κ-normal.
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The following proposition will show that metacompactness, zero-dimensional or being
a Moore space are not such properties.
Proposition 3.2. There is a space X which is metacompact and locally κ-normal but not
κ-normal.
Proof. Let X be Heath’s V-space. So X = {〈x, y〉 ∈ R2: y  0} with the topology
generated by the following neighborhood system: For any 〈x, y〉 ∈ X with y > 0, let
{〈x, y〉} be open in X. For each 〈x,0〉 ∈ X, let Rx ⊆ X be the line segment of length 1
and slope 1 with vertex 〈x,0〉 and let Lx ⊆ X be the line segment of length 1 and slope
−1 with vertex 〈x,0〉. A basic open neighborhood of a point 〈x,0〉 ∈ X is of the form
{〈x,0〉} ∪ [(Rx ∪ Lx) ∩ R× [0, ε)], where ε > 0. It is well known that X is a Hausdorff
zero-dimensional metacompact Moore space which is not normal, [6]. To see that X is
locally κ-normal, let x ∈X be arbitrary. If x is isolated, then {x} is an open neighborhood
of x which is compact. Assume now that x is not isolated. Let U be any basic open
neighborhood of x . If E and F are any disjoint κ-closed subsets of U , then either x /∈ E
or x /∈ F . Thus either E or F is closed-and-open in U . So, E and F can be separated in
U =U .
Now, we show that X is not κ-normal. Let P = {〈p,0〉: p is irrational, 0 < p < 1} and
Q= {〈q,0〉: q is rational, 0< q < 1}. For each 〈p,0〉 ∈ P , fix a sequence {〈p′n,0〉 : n ∈ ω}
⊆ P such that p′n > p′n+1 > p for each n ∈ ω and 〈p′n,0〉 converges to 〈p,0〉 with respect
to the usual metric topology on X as a subspace of R2 with the usual metric topology.
For each n ∈ ω, let pn ∈ X be the unique point of the intersection L〈p′n,0〉 ∩ R〈p,0〉. Then
the sequence {pn ∈ X: n ∈ ω} = Sp of isolated point of X is convergent in X (in our
topology) to the point 〈p,0〉. For each 〈q,0〉 ∈Q, fix a sequence {〈q ′n,0〉: n ∈ ω } ⊆Q
such that q ′n > q ′n+1 > q for each n ∈ ω and 〈q ′n,0〉 converges to 〈q,0〉 with respect
to the usual metric topology on X. For each n ∈ ω, let qn ∈ X be the unique point of
the intersection L〈q ′n,0〉 ∩ R〈q,0〉. Then the sequence {qn ∈ X: n ∈ ω} = Sq of isolated
points of X is convergent in X to the point 〈q,0〉. Let A = ⋃{Sp : 〈p,0〉 ∈ P } and
B =⋃{Sq : 〈q,0〉 ∈Q}. Then A and B are open in X. They are also disjoint, for if there
exists an x ∈ A ∩ B , then there would be a point 〈p,0〉 ∈ P and n ∈ ω such that x is the
intersection point of L〈p′n,0〉 ∩R〈p,0〉 and there would be 〈q,0〉 ∈Q and m ∈ ω such that x
is the intersection point of L〈q ′m,0〉 ∩R〈q,0〉. But R〈p,0〉 ∩R〈q,0〉 = ∅, a contradiction. Thus
A∩B = ∅.
Claim. A=A∪ P and B = B ∪Q.
Proof. First note that for any 〈p,0〉 ∈ P and any 〈q,0〉 ∈ Q we always have L〈q,0〉 ∩
L〈p,0〉 = ∅, thus L〈q,0〉 ∩ Sp = ∅ for each 〈p,0〉 ∈ P , and L〈p,0〉 ∩ Sq = ∅ for each
〈q,0〉 ∈Q. Therefore L〈q,0〉 ∩A= ∅ and L〈p,0〉 ∩B = ∅ for each 〈q,0〉 ∈Q and for each
〈p,0〉 ∈ P . Now, if 〈p,0〉 ∈ P , then any basic open neighborhood of 〈p,0〉 has to meet
all but finitely many points of the set Sp ⊆ A. Thus 〈p,0〉 ∈ A, and if 〈q,0〉 ∈ Q, then
any basic open neighborhood of 〈q,0〉 will be disjoint from A, thus 〈q,0〉 /∈ A. Now, if
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x ∈X \ (A∪B ∪P ∪Q) and if x is isolated, then {x} is open and disjoint from A, and if x
is in the x-axis, then any basic open neighborhood of x will be disjoint from A. Therefore
A=A∪ P . Similar argument will show B = B ∪Q and claim is proved.
Now we have that A∩B = ∅ where A and B are both κ-closed. Since P and Q cannot
be separated in X, A and B cannot be separated. Thus X is not κ-normal. ✷
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